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Abstract 

In this note we give a general definition of the gravitational tension in a given asymp- 
totically translationally-invariant spatial direction of a space-time. The tension is defined 
via the extrinsic curvature in analogy with the Hawking-Horowitz definition of energy. 
We show the consistency with the ADM tension formulas for asymptotically-flat space- 
times, in particular for Kaluza-Klein black hole solutions. Moreover, we apply the general 
tension formula to near-extremal branes, constituting a check for non-asymptotically flat 
space-times. 



1 Introduction and summary 



In this note we give a general definition of the gravitational tension in a given asymptot- 
ically translationally-invariant spatial direction of a space-time. The definition is general 
in the sense that while it reduces to the correct tension formulas for asymptotically-flat 
space-times it can also be applied to non-asymptotically flat space-times. So far, general 
tension formulas are known for asymptotically-flat space- times [U i] but it has only 
been computed in particular cases of non-asymptotically flat space-times jSJ E] . 

The general definition of gravitational tension is obtained in Section [2] by generalizing 
the derivation of the Hawking-Horowitz energy formula In particular this means that 
the tension is defined relative to a reference space-time, thus making it a necessary require- 
ment for the applicability of the tension definition to have a sensible choice of reference 
space-time. The tension formula is derived by applying the Hamiltonian formalism to a 
foliation of the space-time along the spatial direction in which we want to measure the 
tension, in analogy with the Hawking-Horowitz energy formula in which the space-time is 
foliated along the time-direction. 1 

In Section |3] we show that the general tension formula correctly reduces to the known 
ADM-type expressions PJEHH1II] for asymptotically-flat space-times. Moreover, following 
the work of ^ |^1 E3 E] > we present a general Smarr formula that holds in this case and 
gives the first law of thermodynamics, including the work term associated to the tension. 
We also give the general bounds satisfied by the tension following from the positivity of 
gravitational tension |1UI lllj and the Strong Energy Condition. 

As an illustration of the general tension formula we have included two simple examples 
in Section 21 The first example is that of vacuum solutions of higher-dimensional General 
Relativity for Kaluza-Klein type space-times, i.e. Minkowski-space times a circle. Of 
specific interest are static and neutral solutions with event horizons, which we here call 
Kaluza-Klein black holes. We show that one recovers the tension formula for the circle 
direction in this case, previously obtained in [31 HJ and used for Kaluza-Klein black holes 
in 011 OH. 

The second example we consider is that of near-extremal branes of type IIA/B String 
theory and M-theory, which are non-asymptotically flat space-times. We show that the 
general expression correctly reproduces the known results [31 [H] for the tension along the 
spatial world-volume directions. For most of these cases the measured tension is negative 
which is natural since the gravitational tension has a dual interpretation as the pressure 
of the non-gravitational theory living on the world-volume of the brane. 

Since branes and other objects with tensions play a central role in General Relativity, 
String/M-theory and holographic dualities between gravitational and non-gravitational 
theories, many other applications of the general gravitational tension formula can be en- 

1 Note that the idea of defining the tension using the Hamiltonian formalism for a spatial direction is 
from pP where it is used to derive a formula for the tension for asymptotically- flat space-times. 
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visioned. In a forthcoming work ^3], we consider a combination of the two examples 
mentioned above, namely near-extremal branes on a transverse circle. This will constitute 
a new application of the definition of gravitational tension given in this note. 

Finally, we have included three appendices. In the first one we show how to get the 
ADM-type tension formula for asymptotically flat space-times from the general tension 
formula. In the second one we solve the linearized Einstein equations to show the connec- 
tion between the ADM-type expressions for asymptotically-flat space-times and a second 
set of expressions that can be derived in this case. The third appendix contains some 
details of the proof of the Smarr formula. 

2 General definition of gravitational tension 

In Section 12.11 we use the Hamiltonian approach for a foliation of the space-time along a 
spatial direction to argue for the general definition of gravitational tension for a space- 
time. In the process we repeat the derivation of the Hawking-Horowitz formula for energy 
[S] . In Section 12.21 we summarize the results of Section 12.11 and write down the explicit 
expression for the definition of gravitational tension. 

2.1 Hamiltonian approach to definition of energy and tension 

In this section we generalize the Hamiltonian approach to defining energy in |j? so that 
we also get a general definition of the tension. In order to be pedagogical and complete 
part of the following derivation is a repeat of 0. See also ^1] for the formalism used. 

The basic idea in the following is to generalize the Hamiltonian approach of [S] so that 
we can consider both a foliation of the space-time along a time direction and a spatial 
direction. While for a time direction we get the Hawking-Horowitz definition of energy we 
get for a spatial direction instead a general definition of tension. The idea of defining the 
tension from the Hamiltonian along a spatial direction is from where it is used to get 
a general definition of the tension for asymptotically-flat space-times. 

The Einstein-Hilbert action for a D-dimensional Lorentzian manifold {M,g^ v ) with 
boundary dM is 



where g^ u is the metric on M. Here R is the Ricci scalar curvature and K is the extrinsic 
curvature on dM. We suppress the integration measures here and in the following. We 
could also add matter terms to the action. However, since they in general only include 
first order derivatives, these will not be important for defining the energy or tension and 
we thus ignore them in this discussion. 

In the following we shall use (|2.1|) to define a Hamiltonian on M with respect to a 
given time-like or space-like foliation of M. Subtracting the Hamiltonian on a reference 
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space then gives a natural and general definition of the value of the Hamiltonian which 
we subsequently use to define the energy and tension. 

Consider a family of codimension one submanifolds {T, x } of M labeled by the parameter 
x £ [xmi m x max ], given such that {T* x } is a foliation of M. Consider moreover a vector 
field on M satisfying X^d^x = 1. We can think of X^ as defining the "flow of x" 
throughout the space-time. In the following we consider either the case where the family of 
submanifolds {^ x } all are Euclidean and X^ is time- like (in which case x can be thought 
of as a time-coordinate) or the case where all are Lorentzian and X^ is space-like. 

Consider now the unit normal n M of the submanifold E x , so that n^n M = s where s = 1 
(s = —1) if X^ is space-like (time-like). We can then decompose X^ into parts normal 
and tangential to 

X 11 = Nn 11 + iV" , (2.2) 

defining the lapse function N and shift vector N^. The metric on T, x with respect to 
is 

9$ = 9/iu -sn^ . (2.3) 
The extrinsic curvature tensor on H x with respect to is 

Kpv = . (2.4) 

We assume the foliation {T, x } of M to be such that the boundary dM of M consist of 
three separate pieces: The "initial" boundary E Xmin , the "final" boundary S Xmax , and the 
"asymptotic boundary" so that 

9M = S, min UE w US 00 . (2.5) 

Let r M be a unit normal vector field on We assume furthermore the foliation 

of M to be such that is a tangent on i.e. such that r ■ n = 0. Defining now the 

intersections = S x . n S°° we can foliate S°° by the family of submanifolds {S^}. 

Note that the data of the metric g^v is contained in (gffi , N, N^) and vice versa. To 
obtain the Hamiltonian corresponding to the flow of x, we now rewrite the action (|2.1[) in 
terms of the latter. 

Defining = R^ v - ^g^R we have 

R = 2s(iV " G^)n»n u , 2G^n v = -sR^ + K 2 - K^K^ , (2.6) 

R^n"n u = K 2 - K^K^ - D^ L D v n u ) + D v {n»D„n v ) , (2.7) 

so that 

R = R {x) + s[K 2 - K^K^} - 2s[D li (n»D v n v ) - D u {n»D^n v )] , (2.8) 
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for a given submanifold Ti x . The last two terms here are boundary terms and combining 
with the extrinsic curvature term we get the boundary action 

SvrG/bd = / K — s [ [D^D u n v ) - D v {n» D ^n")] . (2.9) 
JdM JM 

For the contribution on the T, Xniin and S Xmax part of dM (with normal vectors — at 
S T . and at E~„) we have 



- j \gTDpn,, - s{n ■ n)D u n v ] + j [g^D^ - s{n ■ n)D v n v \ = . (2. 



10) 



Here the last term in (|2,9j) does not contribute since n u n^D^n v = because n is unit 
vector. 

For the contribution from the boundary at infinity E°° (with normal vector r^) we 
have on the other hand 

(2.11) 



since the second term in ()2.9|) does not contribute because r • n = 0. After integrating by 
parts the second term in this expression we can write this as 



(2.12) 



(x) 

We recognize now g^J = g^ v — s n^riy as the metric on T, x so that the integrand of (|2.12j) 



is nothing but the extrinsic curvature 2 ) = {g^)^ D ^ r v of the surface in S x .. 

Here is the covariant derivative in T, x . We get thus that (|2.9|) can be written as 



8vrG/ bd = / dxN [ K {D ~ 2) . 
J Js™ 

Using the above we can therefore write the action (|2.1|) as 

1 = tttt; \ dxN \ ( R{x) + s[K 2 - K^K^X) + 2 / k^-v 

IbnG J J s ™ 
We now further rewrite the bulk part of (|2.14l) 

A>uik = \fg^ (r (x) + s[K 2 - K^Kn) , 



(2.13) 



(2.14) 



(2.15) 



to a form appropriate for extracting the Hamiltonian. For this we introduce the canonical 
momentum 



P 



flU 



1 



z7T 



J <9£bulk 



with 



i$ = (9 {x) ), p {g {x) Vc 



xg P a 



and use that the extrinsic curvature is related to g\\J by 



K, 



fj.ii 



2N L' 



b$ - 2D ( : x) N, 



(2.16) 
(2.17) 

(2.18) 
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Then we can write 

£buik = {fil® ~ [—sNH + N^Hp] - 2Dp(N v p>")) , (2.19) 
where the Hamiltonian constraints are given by 

H = R {x) + p^Pp U - -^—y? , ^ = -2D^ , (2.20) 

with p = pJ 1 - The last term in (|2.19|) will contribute an extra boundary term giving the 
action 

1 = l^G l dx I ~ [ ~ SNH + + 2 / { NK(D ~ 2) ~ NV Pv» r '>) 

(2.21) 

From this action we can extract the Hamiltonian 

H = lib L}- Nn + A " w » l - sb I s J NKiD ' 2> - ■ (2 - 22) 

Now, in order to define the physical Hamiltonian we must choose a reference back- 
ground. Thus, given the space-time manifold (M,g^ u ) we choose a space-time manifold 
(M, (go)fj,v) as the reference background such that = (go)^ on the boundary S°°. 2 
The requirement that g^ v and (go)fj,v coincide on S°° can be relaxed to an approximate 
agreement, provided the approximation becomes exact as Soo recedes to infinity. We 
require furthermore that is a Killing vector on (M, (<?o)/^)> i- e - that JCx(go)^u = 0. 

Since (M, (<7oW) is invariant under translations in x, the momenta and the constraints 
vanish, and the physical Hamiltonian H — Hq becomes 

H ~ H ° - isb L [ -' Nn+ N " n * ] ~ sb 4 l N ( K(D - 2) ~ *o D ~ 2) ) " N ""^} • 

(2.23) 

where K^ D 2 ^ is the extrinsic curvature of in the reference space (M, (go)^), with the 
appropriate choice of labelling of slices so that No = N. 

We then define the energy or tension associated to translations in x (time or space) as 

f [N(K(°-V - K ( D - 2) ) - N» Pflu r u ] . (2.24) 
J 52° 
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2.2 General formulas for energy and tension 



We now write down the general formulas for energy and tension that follow from 1)2. 24|) 
in more detail. 

Consider first a time- like X^, which means that s = — 1, i.e. the submanifolds {S^} are 
Euclidean. Then a; is a time, and we can then define the energy/mass for the space-time 
(M,g^ u ) with respect to the static space-time (M, (go)^) as 

E = / ^ KiD ~ 2) - K o D ~ 2) ) - NU p^ > ( 2 - 25 ) 



2 If we include matter fields d>i we also need that (<po)i = cf>i on E° 
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where X^ 1 = Nn^ + N^. Note that {M,g au ) is required to be approximately static at 
infinity in this case. This formula 1)2. 25j) is of course the Hawking-Horowitz formula of 

Consider instead now a space-like X^, which means that s = 1, i.e. that the submani- 
folds are Lorentzian. Then x is a space direction and we can define the tension using 
1)2.24)1 . However, we would like to cancel out the integration over the time. Assuming that 
the space-time (M, g^) is stationary we can consider some time-function t £ [£ m in,imax] 
for M defining a time- interval At = t max — t m \ n . Thus, dividing by the time interval At 
will cancel the integration over the time- function t, and we define therefore the tension as 

where we have used the notation X^ = Fn^ + F^. Note that (M,g uu ) is required to be 
approximately translationally invariant along x at infinity in this case. The tension T in 
(|2.26jl is the tension along the x direction. 

3 Asymptotically-flat space-times 

In this section we first explain that the general results ()2.25)) . (|2.26|) reduce to the known 
ADM-type formulas for mass and tension in asymptotically-flat space-times. We then 
present in Section f3. 21 the general Smarr formula and the first law of thermodynamics. 

3.1 Total mass and tension for asymptotically-flat space-times 

In Ref. it was shown that the expression (|2.25|) for the mass correctly reduces to the 
ADM mass for asymptotically-flat space-times |15] 

M = -J— / dS m (d n h mn - 5 nl d m h nl ) . (3.1) 

1d7TG J goo 

Here gmn = $mn + h mn is the (D — l)-dimensional metric as defined in (|2,3j) when foliating 
the space-time along the time t. We assume for simplicity here that the background metric 
is S mn . The indices m,n,l run over the D — 1 directions perpendicular to t. 

In Appendix fA] we show that for an asymptotically-flat space-time the general tension 
formula (|2.26|) reduces to the ADM-type formula 

T = T^~n I dS m (d n h mn - r, nl d m h nl ) . (3.2) 

Here gmn = i]mn + h mn is the (D — l)-dimensional metric as defined in (|2.3|) when foliating 
the space-time along the spatial direction z. We assume for simplicity here that the 
background metric is rj mn = diag(— 1, 1, 1). The indices m,n,l run over the D — 1 
directions perpendicular to z. Note that in going from (|2.26|) to ()3.2j) we have cancelled 
the At factor by integrating over the time at infinity J dt = At, so that the remaining 
integration is over = S^°/At. The tension formula (|3,2j) agrees with the one in 012]. 
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The equations above provide a nice set of covariant expressions for the mass and 
tension(s) in asymptotically-flat space-times with one (or more) space-like isometries at 
infinity. However, by solving Einstein equations at infinity where the gravitational field is 
weak and using the principle of equivalent sources 3 it is possible to reduce to even simpler 
expressions. The derivation, which builds on [210111 is given in Appendix iBl 

The result is derived for the case of a D-dimensional space-time with coordinates t, 
z a , a = 1, . . . , k, x l , i = 1, . . . , D — k — 1 and r 2 = J2?=i k i ~{x 1 ) 2 is the radial coordinate 
in the transverse space. Beyond the time translation Killing vector d/dt, we assume in 
addition that d/dz a are asymptotic Killing vectors. We consider each of the directions z a 
to be compactified on a circle with circumference L a . Finally, the space is taken to be 
asymptotically flat, so that the spatial part of the metric at infinity is M D - fc - 1 x T k , where 
T k = (S 1 ) 1 * is a rectangular A;-torus with volume V]~ = n«=l ^a- 

The mass M and tensions T a in each of the compact directions are then given by 4 



16ttG 



(D-k-2)ct-J2 c a 



(3.3) 



c t - (D - k- 2)c a - y^Cq 



l67rGL a 

where q and c a are the leading corrections of the metric at infinity 



, a = l,...,k, (3.4) 



9tt = -± + rD %_ 3 , 9aa = l + rD !;_ 3 , a = l,...,k. (3.5) 

These equations enable one to measure the mass ()3.1|) and tension (|3.2|) for the class of 
space-times defined above in terms of the asymptotics of the metric. 

It is important to realize that not all values of M and T a correspond to physically 
reasonable matter. Just like we demand that M > 0, we also have bounds on the tensions 
T a . In the general framework of this section we have the bounds 

M > Yl L °?* » T « > • ( 3 - 6 ) 



a 



The first bound follows from the Strong Energy Condition which basically states that any 
physically sensible source for the gravitational field can not be repulsive. In terms of the 
energy-momentum tensor it is the statement that Too + TJ^f^^ — 0- Integrating this 
relation over the space-like directions and using (|B.8|) . (|3.8|) then gives the stated result. 

The bound T a > (for a given a) corresponds instead to the statement that the tension 
can not be negative, as proven in [TU1 ITT] . 

3 The principle of equivalent sources is the principle that any source of gravitation affecting the asymp- 
totic region the same way should also have the same values for the physical parameters associated with 
the sources of the gravitational field. 

4 Here O; = 2n~^~ /V (^p) is the volume of the unit i-sphere. 
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3.2 Smarr formula and first law of thermodynamics 

We can push our general considerations further by splitting up the energy-momentum 
tensor as the sum 

T IU , = T*+Tp*, (3.7) 

where TJ?£ is the energy-momentum tensor of the gravitational field relative to the D- 
dimensional flat background and T™ at the contribution of additional matter, such as scalar 
fields or p-form gauge potentials (see also Appendix [Bj). 

Using now the principle of equivalent sources, we assume in the following that our 
space-time is everywhere nearly flat. We can then write the mass M and tension T a as 

M = Jd D - 1 xT 00 , T a = --^-jd D - 1 xT aa , a = l,...,k. (3.8) 

where L a is the size of the a'th direction. 

Using instead the matter energy-momentum tensor T^f we can write the matter 
contributions to the mass and tension denoted by M mat and T" ia,t respectively, as 

M mat = J d D-l xT vmt ; T mat = _ J_ J ^D-l^ymat ^ a = 1} . . . f fc . ( 3 . 9 ) 

Consider now again the class of space-times for which (|3.3[) . (|3,4[) was derived, and 
assume in addition the presence of a single connected event horizon. Then, following 
[H E3 E]) it is possible to derive a generalized Smarr formula. For completeness, the 
derivation is given in Appendix [UJ Here we present the general Smarr formula (|C7j) in 
the simple form 

(D - 2)TS = \ D - 3 - ( M ~ Mmat ) . ( 3 - 10 ) 

where we have introduced the relative tensions 

_ L a {T a — T a ) . . 

n a — — 7T — : — 5 a = !,...,«, 3.11 

generalizing the relative tensions introduced in [3]. 5 Note that (|3.1Uj) . (|3.11j) depend only 
on the gravitational contribution to the mass and tensions. 

We also give the generalized first law of thermodynamics for this class of space-times, 

5M = T6S + Y^ Tf 5L a , (3-12) 

a 

showing that the effective tension in each compact direction 

Tf = T a -^\ (3.13) 

5 Note that the relative tension n a along a direction was denoted relative binding energy in since the 
tension also can be viewed as a binding energy along the particular direction. Here we adopt a different 
nomenclature since it is conventional to denote the quantity measured in (12.261 as the tension. 
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is governed by the gravitational part of the tension. The first law can be for example 
obtained by combining the Smarr formula ()3.10j) . with scaling relations and using Euler's 
theorem (Sj. It also correctly reduces to the first law obtained in [51 |I] for the case of 
neutral black objects on the cylinder. 

Finally, we note that while we still impose the bounds ()3.fl() on the tensions T a , we can 
in fact now use the above to obtain stronger bounds on our physical variables. This is 
because the energy-momentum tensor in (13.7(1 is a sum of a gravitational part and a matter 
part and we require these bounds to hold independently for both of the two contributions. 
The reason for this is that we expect both the matter part and the gravitational part 
to behave in a physically sensible fashion. Since the matter usually obeys the bounds by 
construction we can extract some stronger bounds on our physical variables by considering 
the gravitational part by itself. The bounds on the gravitational part are (D — 3)(M — 



M mat ) < £ a L a (T a - T a mat ), and T a - T a mat > 0. Using the definition lj3~TTT) we can write 



As stated above, these bounds are stronger than the bounds 1)3. 

4 Examples 

In this section we present two simple examples that illustrate the general definition of 
gravitational tension. 

4.1 Kaluza-Klein black holes 

As the first example we consider vacuum solutions of higher-dimensional General Relativity 
(i.e. pure gravity) for the Kaluza-Klein type space-times Ai d x S 1 with d > 4 where M d 
is the d-dimensional Minkowski space-time. More precisely, we consider all static vacuum 
solutions that asymptote to Ai d x S 1 and that have an event horizon. We call these 
solutions Kaluza-Klein black holes here. 

Define the Cartesian coordinates for A4 d as t, x 1 , x d ~ l along with the radius r = 
a/ (x 1 ) 2 + • • • + (x d_1 ) 2 . Let moreover z be the coordinate of the S l with period L. Since 
the Kaluza-Klein black holes are asymptotically flat, we may use the expressions 1)3.3(1 - 
1)3.5(1 to find the mass M and tension T along the compact z-direction. It then easily 
follows from these equations that for any given Kaluza-Klein black hole solution we can 
write (SHU 



these as 




(3.14) 



a 



M = 



16vrG 



p-2)c t -c z ] , T 



IQitG 



[ct - (d - 2)c z ] 



(4.1) 



where Cf, c z are read off from the metric components 



c 



■z 



(4.2) 



9tt = -1 + 



yd— 3 



gzz = i + 



r d-3 ' 
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for r — > oo. 

We also immediately recover from (|3.10j) . (j3.12j) the Smarr relation and first law of 
thermodynamics in this case |I] 

(d - 1)TS = (d-2- n)M , 5M = T5S + T5L , (4.3) 

where n = LT/M is the relative tension. Finally, the general relation (|3.14j) implies the 
bounds [3] 

< n < d - 2 , (4.4) 

on the relative tension. 



4.2 Near-extremal p-branes 

The second example we consider is that of near-extremal p-branes of type IIA/B String 
theory and M-theory. As these branes are not asymptotically flat, this provides a nice 
application of the general expression (|2.26|) for gravitational tension. 

The near extremal p-brane solution in D = l+p-\- d dimensions has the form 

ds 2 = H'^ (^-fdt 2 + Xj^) 2 + & [r l<lr2 + ^dttd-i]^ , (4-5) 

r d-2 t 

e 24> = R a ; A ^ = H -i dt A du i A . . . A duP ) ; / = 1 - _0_ j H = , (4.6) 

where the metric is written in the Einstein frame. Here <p is the dilaton (for D = 10), 
^4(p + i) the gauge potential and a is a number determining the coupling of the ^4( p +i) gauge 
potential to the dilaton. The background asymptotes to the near- horizon limit of the 1/2 
BPS extremal p-brane of String/M-theory corresponding to (|4.5f) - (j4.6f) with r$ = 0, which 
is taken as the reference background when computing the energy and tension. 

The relevant tensions in this case are those corresponding to the p spatial world-volume 
directions which we take to be compactified on equal size circles of circumference L, so 
that the total volume V = LP . Therefore the tension 7^ = T is the same in each direction 
u k , k = 1, . . . , p. 

Although the Hawking-Horowitz energy computation is well known for these branes we 
present for clarity the computation of energy E and tension T in parallel below. Note that 
as we are using the extremal p-brane as the reference background, the expressions (|2.25|) . 
(|2.26jl are of course the energy and tension above extremality. To compute these quantities 
we first recall that the extrinsic curvature K( D ~ 2 ^ can for our purposes be written as 

K {D-2) = 1 g r bg J\ g D-2\ . (4.7) 
y 9rr 

Here g°- 2 is the determinant of the metric obtained from ()4.5j) by omitting t, r when 
computing E and omitting u k ,r (for a particular k) when computing T. We denote the 
corresponding expressions by Kt and K u respectively. 
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It is then not difficult to use (|4.7jl for the metric (|4.5j) and compute 

P+ 1 d 



K t = Vf(r m )H(r m ) W^) , (4.8) 

2r m 



K u = Vf(r m )H(r m ) 2 ^ 2) 



d d — 2 ( ro 



2 2 r. 



d-2 



— , (4-9) 



where we used r m 3> ro since r m is sent to infinity in the end. The corresponding ex- 
pressions for the extrinsic curvature of the reference space in both cases are obtained 
from (|4,8|) . (|4,9|) by setting tq = and substituting r m with r e g. Here r e g- is the radius 
corresponding to r m for the reference space, defined so that the metrics for the (D — 2)- 
dimensional subspaces are equal. The relation between r m and r c g is then obtained by 
imposing that the radius of the S' rf_1 in the brane space-time is equal to that of the radius 
of the S^ 1 1 in the reference space. In the present case, this simply means that r e g = r m to 
leading order. Finally, we need for each case the lapse functions and integration measures: 
N = (c4 0) ) 1/2 = #~^W, y/h = \flir d m x for the energy and F = (gf)) l/2 = £T^W , 
y/h = y^Ar^ 1 for the tension. 

Using all this in ([2.25(1 . (|2.26|) we have the final results 

E= dvn ±l d 2 d-*vn d l d 2 

2 16vrG 2 16vrG ' V ' 

for the energy and spatial world-volume tension of a near-extremal p-brane. Note that 
the quantity —E + pLT is the trace of the (integrated) energy-momentum tensor on the 
brane, which is zero only for the non-dilatonic (D3, M2, M5) branes. We remark that the 
tension was calculated via a different method in Refs. 0IE] (see also e.g. Refs. [HIE!)- 
It is actually more natural to use instead of tension the pressure given by 

P = = —rfr . 4.11 

V 2 16vrG V ' 

The pressure is positive for d > 4, which includes the near-extremal D3, M2 and M5 brane. 

In these cases, we can interpret the pressure directly in terms of the massless excitations 

of the corresponding field theory at finite temperature. 

To consider the thermodynamics of the near-extremal p-brane we use the well-known 

results for temperature and entropy 

It is then easy to show that the tension is directly related to the Helmholtz free energy 

LT = F , F = E-TS. (4.13) 

Together with the identification of the pressure (|4.11j) this implies that the Gibbs free 
energy vanishes for near-extremal p-branes 

G = 0, G = E-TS + PV . (4.14) 
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It is actually not difficult to verify that any conformally invariant theory inp+1 dimensions 
has G = 0. Here, however, we see that it holds for all near-extremal p-brane theories, 
regardless whether they are conformal or not. Finally, we note that it is a simple task 
to explicitly check that the first law 5E = T5S — P5V is satisfied using the pressure in 
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A Reduction to ADM-type formula 

We show in this appendix how the general tension formula (|2.26|) reduces to the ADM-type 
formula Q3.2JI for asymptotically-flat space-times. Write gmn = rj mn + h mn as the metric 
on the (D — l)-dimensional subspace transverse to the z-direction. Since the reference 
space-time is flat we can choose the metric of the reference space-time as r] mn . This means 
that h mn should be zero on for the tangential directions. 

We now first consider the case of 5^° being a hyper-cube. In the flat reference back- 
ground each side of the hyper-cube is defined by one of the 2D — 2 relations x % = ±a, 
i = 1, D — 1. a is then sent to infinity in the end. Then (|2.26|) becomes 

T = - — — /" d D ~ 2 x(K( D -V-4 D - 2) ) . (A.l) 

We focus below without loss of generality on the side x 1 = a. For the reference space-time 
the unit normal vector is simply (rn) m = 5 m \. For the asymptotically-flat space-time it is 
instead r m = S m i — \r\ mn h n \^ We have then 



2 

1 r 

III 



js(D-2) _ t^O) m _ a m , pro n _ \ 

I\ — U m I — U m I T L mn I — ^ 



d n h nm + V n \d m h nl ) r m , (A.2 



where we used that d m r m = —\d n h n \ = —\d n h nm r m and that T™ n = \r) ml (d n h m i) to 
first order in h mn . Since Kq D ^ = d m (r ) m = we get therefore 

K V-V _ K f-» _ 1 [_ 8 »„„ m + n «> (BmKl) ] r » . ( A .3) 
Eq. HA.3() clearly holds for all the sides of the hyper-cube. Therefore, (|A.1|) gives 

^i^kir dD ' 2x {ff ' Km " "'" a "'"" ) r ™ • (A - 4) 

6 This is because x 1 — a is not the equation for the hypersurface in the asymptotically-flat space-time 
since the metric is not the Minkowski metric. To find the normal vector notice that we have the inverse 
Vielbeins e™ = 5™ — \rj mn h„a so that g mn = rj ab e™eb. From the fact that the Vielbeins precisely relate a 
Minkowski metric to the asymptotically flat metric, we get then that r m = e™(ro) a = e™ = &mi — §J? m ™/lni. 
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which clearly is the same as (|3.2|) . One can now generalize to other hypersurfaces 5^° . First 
we can generalize to surfaces build up by rectangular surfaces of the type x m = constant. 
For a general hypersurface we can then find surfaces built out of rectangular surfaces 
that are arbitrarily close to 5^°, thus proving that it works for general surfaces also. 



B Mass and tension from linearized Einstein equation 

In this appendix we solve the linearized Einstein equations for a static distribution of 
matter localized on the M. D ~ k ~ 1 times a fc-torus T k . The derivation builds on that of 

Refs. m oi m. 

We first define for any energy-momentum tensor T^ u the tensor 

S^^T^-^-_ v ^t , r = T/. (B.l) 

Then, by eliminating the Ricci scalar R, the Einstein equations with the matter energy- 
momentum tensor T^ at can be written in the form 

iV = 8vrG5- at , (B.2) 

where S™ at is related to via <|B.1|) . In the linearized approximation g^ u = rj^ + h^ u 
we have that 

Rpv = R§ - SttGS^ , (B.3) 

where 



R$ = --PV + (O,^ - - (K X ),^} , (B.4) 



and Sffu determined via (|B. 1|) by the energy-momentum tensor contribution T^l of the 
gravitational field relative to the D-dimensional Minkowski background. Note that S^£ v 
collects all higher-order terms of R^ u . In the weak-field approximation the Einstein equa- 
tions thus reduce to the system 

□V + (^A A U - (K x ),ux - (K x ) 4lX = -ldnGS^ , <V = S* + , (B.5) 

and S^y depends on the total energy-momentum tensor, given by the sum of the gravita- 
tional and matter part, T^ u = Tf^, + T™ at . 

Consider now a D-dimensional space-time with k compact directions z a , a = 1, . . . , k 
of periods L a , and D — k — 1 transverse directions x l , i = 1, . . . , D — k — 1. The spatial 
part is thus of the from M' D ~ fc ~ 1 x T fe , where T k = (S 1 ) 1 * is a rectangular A;-torus. The flat 
metric thus reads 

k D-k-1 k 

ds 2 = -dt 2 + Y J (dz a ) 2 + Yj ( dx ^ 2 = ~dt 2 + Y J ( (lza ) 2 + dr2 + r2dn D-k-2 , (B.6) 

a=l i=l a=l 



where we have defined r 2 = Yli=\ 



X 
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We consider a static distribution of matter localized on W D k 1 , and assume a diagonal 
energy-momentum tensor T^ u with non-zero components 

Too > T aa , Ta . (B.7) 

Here Too is a function of (z a , x l ), while a given T aa depends on all these coordinates except 
z a , because of energy- momentum conservation. We also assume that the resulting space- 
time metric is asymptotic to the flat metric ()B.6|) , so that T^ u vanishes in the limit r —* oo 
(sufficiently rapid). Now, energy-momentum conservation implies Yli ^i^ij = so that we 
can use partial integration to write 

I d D - l xTu = I (ISjx'l), = , (B.8) 

where the first step uses Ta = dj(x t Tij) along with Gauss law (Soo = S D ~ k ~ 2 x T k ) and 
in the last step we used the vanishing of T$j at spatial infinity in the transverse space. As 
a consequence of (|B.8|) we find in particular that the bulk integrals f d D ~ l xTa = for the 
non-zero components Ta in (|B.7|) . 

To obtain the relation between the total energy M and tensions T a in the compact 
directions defined by Q3.8|) and the asymptotics of the metric, we now solve the linearized 
Einstein equations ()B.5|) for the energy-momentum tensor (|B.7|) . We use the fact that the 
metric perturbation h^ u is time-independent, along with the fact that it is asymptotically 
diagonal. Then ()B,5j) reduce to the set of equations 

V 2 /i 00 = -16^GS 00 , V 2 /i aa = -16vrGS aa , a = 1, . . . , k , (B.9) 



D-k-1 D-k-1 
-2 {h lh ij-h ii j 3 )-V 2 h m + Y,^ 2 Ka = -±^G 5 »> ( B - 10 ) 

i,j=l a- 1=1 

where V 2 is the Laplacian operator on M D - fe - 1 x T fe . 

We focus first on the 1 + k equations in ()B.9|) . Using the definitions for the mass M 
and binding energies T a in (|3.8[) . ()B.8j) as well as (|B.1() and (|B.8() . these are easily solved 
to leading order yielding 

M = - D-k-ZlLc I dSl[{D ~ k ~ 2)/l00 ' i "EVd . (B-ll) 

LaTa = ~ D-\-31(Lg I dSi ^ hoo ' i -( D ~ k - 2 )V* " h »A ■ ( B - 12 ) 

These are surface integrals over S^, which is the (D — k — 2)-sphere at infinity times 
the fe-torus T k . From these we obtain the expressions (j3.3j) . (|3.4j) in terms of the leading 
corrections (j3.5|) of the metric at infinity. 

It remains to show that M and T a in ()B.11|) . ()B.12|) (and hence the definitions in (|3.8|) . 
(|B.8|) ) actually agree with the ADM formulae (|3.1j) . 1)3. 2 Jl obtained for the asymptotically 
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flat case from the general Hamiltonian treatment. For the case at hand, these can be 
written as 

M(ADM) = 16^G / ,,S: ' I:, J ~ kji '* ~ Ka ' l] ' (B ' 13) 

LaT (ADM) = _1_ f ds . [hij j _ hjj i + i _ ^ hbb .] f (B.14) 

where we remind the reader that repeated indices are summed over. To this end, we use 



the linearized Einstein equations (|B.lfl|) in the transverse space. Using Eq. (jB.9|) we can 
rewrite this relation as 

16itG ~ ^H>3j ~ ^ aa >") = ^ aa ' (B.15) 

Integrating this equation over all spatial dimensions, we see that the left side is the ADM 
mass formula (|B.13|) . On the other hand, for the right side we may use (|B,1|) . (|3.8|) and 
(|B.8|I to show that | f d x x (Sqq + S aa + So) = M. We thus conclude that the relation 



(|B.15|) tells us that M = Madm- Turning to the ADM tension (jB.14J) . rearranging terms 
this can be written as 

^(ADM) = _1_ J dSi[di (h 00 + h aa ) + (hi jd ~ h jjti ~ h bbii )\ 

= (-M + L a T a ) + Madm = L a T a , (B.16) 

where we used QB.llj) . (IB.12|1 . (|B.13|) in the second step, and in the last step the fact that 
we already showed M = Madm- Thus the definitions of the tensions also agree, and we 
can omit the label "ADM" . 



C Proof of generalized Smarr formula 

To derive the Smarr formula we consider the Komar integral 

where S is a (D — 2)-dimensional hypersurface and £ is a Killing vector for the metric. 
Consider now a static solution on R 1 ^- 1 x T k with an event horizon. Consider further- 
more a certain time t = to. Define Sh to be the null-surface of the event horizon at t = to- 
We also choose a (D — 2) dimensional surface at r = oo for t = to, which we call Sqo, so 
that essentially Soo = S D ~ k ~ 2 x T k . By Gauss theorem we have 

'* - = isk (L dS ^ e - L dS ^ e ) = *k X w * r • (&2) 

where V is the (D — l)-dimensional volume between Sh and Soo so that dV = Sh U S'oo- 
Now we use that for a Killing vector we have D u D fM S, u = R^ U C along with the fact that 
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the sourced Einstein equation R^ u = S-kGS 1 ^ holds everywhere in V, as we are away 
from the black object. We thus have 



Jv 



(C.3) 



Since we have a static solution we can choose £ to be the time-translation Killing vector 
field, i.e. £ = d/dt. We then compute ^H] 



8ttG n JSh 

On the other hand we have asymptotically 

IS - = "T^rW I 8 dS ° rdr90 ° = D^2 



kA 

87tGtv 



TS . 



(C.4) 



(D-3)M-J2 L a% 



(C.5) 



Here we first used that the non-zero components of D^k u are D°k r = —D r k° = \d r goo to 
leading order, and (|B.11|I . (|B.12|) are used in the last step. Finally we need to compute 
the last term in QC.3|) which reads 



f dS (S mat )°o 
Jv 



1 



D - 2 
1 

D - 2 



d D - l x 



(D - 3)238* + £ M 



mat 
aa 



-mat 



(C.6) 



where we recall the definition (|B.1|) of S^. Putting it all together then yields the Smarr 
formula 

(D - 3)(M - M mat ) = (D — 2)TS + ^L a (T a - T a mat ) . (C.7) 
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